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Numerical Determination of Circulation for a Swept Propeller
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A procedure for the numerical analysis of swept and unswept propellers is presented. Two FORTRAN codes
have been written to calculate spanwise distributed quantities (such as circulation) as well as overall performance
coef� cients (such as propeller ef� ciency). The spacing of the propeller blades may be symmetrical or asymmetrical.
The � uid is assumed to be incompressible, inviscid, and irrotational.However, certain viscosity and compressibility
effects are included to enhance accuracy. The propeller blades are represented by bound vortex lines and the wake
by trailing vortex lines. In accordance with these assumptions, Biot–Savart’s law is used to determine the induced
velocities by integration from the wake vortex sheet. In the modeling of the wake, wake contraction is neglected.
The trailing vortex lines are allowed to align themselves in the direction of total (freestream plus induced) velocity
at the blades. However, after the shedding, their direction is assumed to stay constant. The codes are run for a
straight propeller for which experimental data exist in the literature, and results are compared. Furthermore a
case for a swept propeller and a propeller with asymmetrically spaced blades are investigated.

Nomenclature
a = speed of sound
CT , CP = thrust/power coef� cient
c = chord length
cl , cd = lift/drag coef� cient
D = propeller diameter
dD=dlP = drag per unit span
dL=dlP , dL=dlP = lift per unit span
dlP , dlT = vector element of blade/trailing vortex line
dQ=dr , dT=dr = moment/thrust per unit radius
dwP , dwT = velocity induced by dlP and dlT

d’T = angular sector for vector element of trailing
� lament

e = unit vector
J = advance ratio
lP , lT = blade/� lament length coordinate
M = Mach number
Q = moment
n = rotational frequency
P = power
p = pitch
Re = Reynolds number
r , ’, z = cylindrical coordinates
sP , sT = distance vectors
T = thrust
V = advance speed
Vef = effective velocity
Vef´;z = magnitude of Vef´;z

Vef´;z = effective velocity in ´–z plane
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Vef’;z = effective velocity in ’–z plane
VR = freestream velocity
w = induced velocity
x , y, z = Cartesian coordinates
®ef = effective angle of attack
®i = induced trailing angle
¯ = pitch angle
0 = circulation
± = sweep angle
´ = propeller ef� ciency
2 = freestream velocity angle
º = kinematic viscosity
» , ´, z = blade span coordinates
% = density
Ä = angular frequency

Introduction

B ECAUSE of rising fuel costs, commercial airlines and aircraft
manufacturers alike are forced to � nd ways to reduce the fuel

consumption of their aircraft. Whereas one way to achieve this is
the improvement of the aerodynamic design of the plane, another
approach is to concentrateon the propulsionsystem. In this context,
propeller propulsion becomes an interesting alternative to the jet
engine because of its high ef� ciency and comparatively low fuel
consumption. Various analytical and numerical approaches have
been used to date to predict the performance of propellers. One
of the earliest analytical theories is the classical momentum theory,
described by, among others, Glauert1 and McCormick,2 where the
propeller is modeled as an in� nitely thin actuatordisk across which
the static pressure increases discontinuously. However, due to the
assumptions made (such as an in� nite number of blades and a con-
stant velocity over the disk radius), momentum theory gives only a
rough estimate of propeller performance and no information about
the spanwise distribution of quantities such as blade loading.

Of far greateraccuracy is vortex theory, which has found a host of
applications in the treatment of propellers. Akin to classical lifting
line theory (see Prandtl3 ), the blades are replaced by a system of
bound vortex lines and trailing free vortex � laments whose strength
is given by the change of bound vorticity according to the Kelvin–

Helmholtz theorem. In most of these approaches, a single bound
vortex line placed at the quarter-chord point of the blade is used
to represent the blade. The geometry of the wake can either be
prescribed[prescribedwake analysis, (PWA)], or the trailingvortex
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� laments can be allowed to align themselveswith the resulting � ow
[free wake analysis, (FWA)].

For PWA theories, the case treated most extensivelyhas been the
optimum propeller, for which the energy lost per unit time to create
the trailing vortex system is a minimum and for which the wake
shape is an undistortedhelix (as shown by Betz and Prandtl4). Solu-
tions for this case havebeenpresentedby, among others,Goldstein,5

Theodorsen,6 Larrabee,7 and Drela and Larrabee.8 In most cases of
PWA theory, the induced velocities are not computed directly by
integrating the effects of the trailing vortices, but instead analytical
formulas are used. This was done, for example, in an approach by
Adkins and Liebeck.9 A PWA method that actually integrates the
induced effects from all trailing vortex � laments was published by
Ribner and Foster.10

In the FWA approach, by contrast, the trailing vortices are al-
lowed to align themselves in the direction of total velocity at every
point in space. This approach is very accurate, but computationally
expensive.An FWA method is presentedby Favier et al.,11 where, to
save computer time, the wake is divided into a near and a far region.
The near region consists of the usual vortex � laments, whereas the
far region, which is taken to begin where the wake has fully con-
tracted, is modeled as semi-in� nite vortex cylinders.The same idea
of dividing the wake in a near and a far region was also used by
Robison et al.12

Interestingly, most approaches to date deal with straight pro-
pellers having symmetrically spaced blades. In recent times, how-
ever, there has been an increasing interest in swept propellers due
to bene� ts of blade sweep like the reduction of propeller noise.
Because of noise considerations, it is also desirable to investigate
propellers with asymmetrically spaced blades. This task has been
undertaken here. Two FORTRAN codes have been developed for
the detailed analysis of propellers that may be swept and that may
have asymmetrically spaced blades. Overall propeller performance
aswell as spanwisedistributionsof engineeringquantitieshavebeen
calculated. The induced velocities are integrated directly from the
trailing vortex sheet and the bound blade vortex lines. The wake
shape is not prescribed a priori. Instead, the wake is allowed to fol-
low the direction of total velocity at the blade. However, to keep
computing time reasonable, wake contraction as well as change in
trailing direction after the shedding are neglected.

Geometry and Governing Equations
In the following, symmetrically spaced blades are assumed.

Figure 1 showsa topviewof thepropellerlookingin thedownstream

Fig. 1 Propeller geometry.

Fig. 2 Velocities in ’–z plane.

Fig. 3 Total velocity and forces at airfoil section (´–z plane).

direction,Fig. 2 shows velocities in the ’– z plane, and Fig. 3 shows
a cut perpendicularto the quarter-chord line (´–z plane). It was as-
sumed that the airfoil shape is constantover the span, whereas c and
¯ may vary with r . The shape, c, and ¯ are de� ned in the ´–z plane.
The � ow is steady in the rotating coordinate system. The blades are
representedby swept boundvortex lines with a vorticitydistribution

0 D 0.lP / D 0.r/ (1)

With reference to Fig. 2, at each blade station a vortex � lament
with strength

d0 D ¡
³

d0

dlP

´
dlP (2)

is trailing downstream from lT D 0 to lT ! 1. At a blade station,
the angle beween VR and the plane of rotation is

2 D arctan.V=Är/ (3)

The induced velocity is

w D wr er C w’e’ C wzez (4)

which gives a total (effective) velocity

Vef D Vefr er C Vef’ e’ C Vefz ez (5)

Vef D wr er C .Är C w’/e’ C .¡V C wz/ez (6)

From this, the induced trailing angle is

®i D arctan
¡
¡Vefz

¯
Vef’

¢
¡ 2 (7)

The vortex � lament trailing from this station is assumed to follow
the direction of Vef ’;z D Vef’ e’ C Vefz ez , neglecting wr and, thus,
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wake contraction. Furthermore it is assumed that the trailing angle
(2 C ®i ) does not change once the � lament has been shed.

Velocities inducedby vortex lines can be determined using Biot–
Savart’s law (see Ref. 13). The induced velocity at a blade point is
given by induced effects of trailing vortex lines and induced effects
of bound vortex lines as

w D
X

B

Z lPmax

lP D 0

Z 1

lT D 0

dwT C
X

B

Z l Pmax

l P D 0

dwP (8)

Using Biot–Savart’s law, we get

w D
X

B

Z l Pmax

l P D 0

Z 1

lT D 0

¡.d0=dlP / dlP

4¼

dlT £ sT

jsT j3

C
X

B

Z lPmax

lP D 0

0

4¼

dlP £ sP

jsP j3
(9)

where distance vectors have been introduced according to Fig. 1
and

P
B representsa summation over all blades. Equation (9) states

that, when the propeller geometry, the distribution of 0, and the
distribution of ®i on the propeller blades are known, the induced
velocityvectorw distributionon thebladecanbe computed.Because
®i itself is a function of w, Eq. (9) is a relationship between 0 and
w on the blade.

A second relationship between 0 and w is obtained using the
Kutta–Joukowski theorem. With reference to Fig. 3, the angle of
attack of effective velocity in the ´–z plane is

®ef D ¯ ¡ arctan
¡
¡Vefz

¯
Vef´

¢
(10)

where

Vef´ D ¡sin ±Vefr C cos ±Vef’
(11)

The effective velocity magnitude in this plane is

Vef´;z D
q

V 2
ef´

C V 2
efz

(12)

from which results

Re D Vef´; z c
¯

º; M D Vef´;z

¯
a (13)

The lift coef� cient is

cl D cl .shape,®ef; Re; M/ D dL=dlP

1
2 %V 2

ef´;z
c

(14)

where “shape” denotes the airfoil geometry (for example, NACA
0010) and cl is given for a given blade airfoil. Therefore,

dL

dlP
D 1

2
%V 2

ef´;z
clc (15)

With reference to Fig. 4, the Kutta–Joukowski theorem (see
McCormick14 ) states

dL D %0Vef £ dlP (16)

dL D %0 dlP

¡
¡Vefz e´ C Vef´ ez

¢
(17)

Thus,

dL
dlP

D %0
¡
¡Vefz e´ C Vef´ ez

¢
(18)

dL

dlP
D %0Vef´;z (19)

Combining Eq. (19) with Eq. (15), we get

0 D 1
2
Vef´;z cl c (20)

which is a second relation between w and 0 at a blade station.
When Eq. (20) is written as w D f .0/ and inserted in Eq. (9), a

single integrodifferentialequation is obtained for 0:

Fig. 4 Geometry for Kutta–Joukowski law.

f .0/ D
X

B

Z lPmax

lP D 0

Z 1

lT D 0

¡.d0=dlP / dlP

4¼

dlT £ sT

jsT j3

C
X

B

Z lPmax

lP D 0

0

4¼

dlP £ sP

jsP j3
(21)

This equation requires two boundary conditions (at the blade tip
and hub) and is equivalent to the fundamental equation of Prandtl’s
lifting line theory (see Anderson15). As boundary conditions, zero
hub and tip circulation were stipulated.

In the case of asymmetrically spaced blades, the precedingequa-
tions are still valid, the only difference being that the bound circu-
lation distribution varies from blade to blade.

Solution Algorithm and Discretization
The blades were discretized as Jm vector elements dlP , and the

vortex � laments as Im vector elements dlT , each occupying an an-
gular sector d’T . Thus, the number of downstream turns consid-
ered for the � laments was limited to TRNS D .Im £ d’T /=360 deg.
A � lament was taken to trail between two adjacent dlP , such that
Km D Jm ¡ 1 � laments trail from each blade. It is assumed that the
circulation value associated with a vortex line vector (dlP or dlT ) is
the value at its midpoint. For the integration of dlP in Eq. (21), this
corresponds to a trapezoidal integration rule that is of second order.
The integration of dlT in Eq. (21) produces no such error because
the circulation of a trailing vortex line is constant.

Starting with an initial guess for ®i and 0 on the blades, the
distribution of w was obtained from Eq. (9), where the integrals
were replaced by sums from 1 to Jm, Km, and Im, respectively.
From w, the corresponding distributions of Vef , ®i , Vef´;z , ®ef, Re,
M , and cl were calculated. Subsequently, a new value for 0 was
obtainedusingEq. (20), and the boundaryconditionswere enforced.
When 0 was updated using underrelaxation,this was repeated until
0 had converged. Then ®i was updated using underrelaxation,and
the procedure was redone from the start until ®i had converged as
well.A computercode in FORTRAN that implements the preceding
procedure has been written by Tremmel.16

The numerical scheme was very stable, and convergence could
always be achieved, even for bad initial guesses of the distributions
®i and 0. An initial distribution®i D 0 and an initially elliptic distri-
bution of 0 yielded a low number of iterationsand was the preferred
choice. The inner iteration loop on 0 required strong underrelax-
ation, with a relaxation factor in the range from 0.1 to 0.2, whereas
for the outer loop on ®i , a relaxation factor in the range from 0.8 to
0.9 has been appropriate.

To substantiate the accuracy of the solution, two grid re� nement
studies have been performed. First, the dependence of the solution
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on the grid spacing (d’T ) was investigated. It was found that for
values of d’T less than 1.0 deg the solution changes were less than
1%. Second, the dependenceof the solutionon the numberof down-
stream turns (TRNS ) of the trailingvorticeswas investigated.It was
found that for values of TRNS greater than 1.0, changes in the so-
lution did not exceed 1%. Therefore d’T D 1 deg and TRNS D 1:0
have been used in the subsequent results.

Performance Coef� cients
The overall propellerperformancecan be describedusing several

dimensionless coef� cients. Starting from the converged distribu-
tions of Vef´;z , cl , Re, and M , the lift and drag force per unit span
are (refer to Fig. 3)

dL

dlP
D

1

2
%V 2

ef´;z
clc (22)

dD

dlP

D 1

2
%V 2

ef´;z
cdc (23)

where cd is obtained from

cd D cd .shape; cl ; Re; M/ (24)

for the given blade airfoil. Then, the thrust and moment per unit
radius is

dT

dr
D

µ
dL

dlP
cos.¯ ¡ ®ef/ ¡ dD

dlP
sin.¯ ¡ ®ef/

¶
1

cos ±
(25)

dQ

dr
D

µ
dL

dlP
sin.¯ ¡ ®ef/ C

dD

dlP
cos.¯ ¡ ®ef/

¶
r (26)

and the total thrust and moment is

T D Bm

Z rtip

r D rhub

dT

dr
dr (27)

Q D Bm

Z rtip

r D rhub

dQ

dr
dr (28)

where Bm equals the number of blades.The shaft power is P D QÄ,
and the torque and power coef� cients are

CT D T=%n2 D4 (29)

C P D P=%n3 D5 (30)

When the advance ratio is de� ned as

J D V=nD (31)

the propeller ef� ciency is computed by

´ D CT J=CP (32)

Results
Straight Blades

To test the approach taken in the present work, a straight pro-
peller for which experimentaldata existed (Sundar17 and Witkowski
et al.18 ) was investigated numerically. The propeller was a two-
bladed model built at Purdue University (see Ref. 17) with
rtip D 0:0254 m, rhub D 0:1524 m, and a constant chord length
c D 0:0508 m. The twist distribution was given by

¯.r=rtip/ D 85:20 deg ¡ 105:08 deg 1
2
.r=rtip/

¡ 338:80 deg 1
4 .r=rtip/2 C 1351:45 deg 1

8 .r=rtip/3

¡ 1271:84 deg 1
16

.r=rtip/4 C 1:1 deg (33)

A plot of the propellergeometry is shown in Fig. 5. The bladeairfoil
was a NACA 0010. The data were given for M ¼ 0:10 ¡ 0:15 and

Fig. 5 Purdue propeller geometry.

Fig. 6 Experimental (from Witkowski et al.18 ) and numerical ( ¯ ) re-
sults for Purdue propeller.

Re ¼ 1:5 £ 105–2:0 £ 105 . Experimentaldata for cl and cd were ob-
tained from Abbott and Von Doenhoff19 at Re D 3 £ 106. Whereas
the data for cl are quite independentof Reynolds number, the values
of cd increasewith decreasingReynolds number. Therefore,cd was
slightly underestimated in the numerical analysis. Also, the value
of cl was taken to remain at the maximum in the poststall region.
Figure 6 shows a comparison of experimental and numerical re-
sults. Generally, very good agreement is observed. For very low ad-
vance ratios, CT is slightly overestimated (and CP underestimated)
because of the relative importance of viscous drag at small blade
loadings. For high advance ratios, where some of the blades are
stalled,CT is again slightlyoverestimated(and C P underestimated)
because of the model for the lift curve. Calculated distributions of
circulation, lift coef� cient and induced trailing angle are shown in
Figs. 7–9. Note the partial stalling of the blade for an advance ratio
of J D 1:0 in Figs. 7–9. Figure 10 shows the spanwisedistributionof
inducedvelocities for J D 1:5. Note that the radial induced velocity
wr is indeed small compared to the other two components, w’ and
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Fig. 7 Circulation distribution on Purdue propeller.

Fig. 8 Lift coef� cient distribution for Purdue propeller.

Fig. 9 Distribution of induced trailing angle for Purdue propeller.

wz , justifying neglecting wake contraction. Finally, Fig. 11 shows
the converged wake shape for J D 1:5. The increase in ®i close to
the hub and tip of the blades is re� ected in a downward curving of
the wake in these regions.

Swept Blades

To investigatethe effect of blade sweep, a constantpitch propeller
with a pitch value of p D 1:5 m, rhub D 0:05 m, and rtip D 0:8 m
was considered with and without sweep of the blades. The pitch
angle was

¯ D arctan.p=2¼r cos ±/ (34)

This pitch angle distribution means that for J D p=D D 0:9375,
the freestream velocity vector in the ´– z plane is aligned ev-
erywhere with the chord direction. The airfoil was a NACA
4415 with c D 0:15 m. In the present case, M ¼ 0:05 ¡ 0:15 and
Re ¼ 2:0 £ 105–5:0 £ 105. Data for cl and cd were again taken from
Abbott and Von Doenhoff19 for Re D 3 £ 106. Again, the decrease

Fig. 10 Induced velocities for Purdue propeller at J = 1:5.

Fig. 11 Convergedwakeshape
(both blades) for Purdue pro-
peller at J = 1:5.

Fig. 12 Geometry of straight (’tip = 0 deg) propeller.

of cl in the poststall region has been neglected.For the straight pro-
peller, the quarter-chordline was a radial line, whereas for the swept
propeller, its ’ coordinate was increased linearly from 0 deg at the
hub to 60 deg at the tip. This results in a sweep angle distributionfor
the swept propeller ranging from ± D 4:72 to 47.52 deg. Note that
the swept propeller has a larger wing surface area than the straight
one because both geometries have the same hub and tip radius.
Figures 12 and 13 show the geometry for the two cases, whereas
Figs. 14 and 15 show the correspondingperformance coef� cients.

Note that the swept model has a lower CT and CP than the
straight model, which is a result of the reduced freestream compo-
nent (Är cos ±) in the´–z planeof the sweptpropeller.Nevertheless,
sweeping resulted in a higher maximum value for ´, which is desir-
able. The spanwise distributionof cl for both propellers is shown in
Fig. 16. Note that sweep has the tendency to increase the loading at
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Fig. 13 Geometry of swept (’tip = 60 deg) propeller.

Fig. 14 Thrust and power coef� cients for straightand swept propeller.

Fig. 15 Ef� ciency for straight and swept propeller.

Fig. 16 Lift coef� cient distribution for straight and swept propeller.

Fig. 17 Induced velocities for straight and swept propeller at J = 0:7.

Fig. 18 Converged wake for straight propeller at J = 0:7.

the wing tips, producinga more even cl distribution.Consequently,
at J D 0:5 in Fig. 16, the straight propeller blade is partly stalled,
whereas the swept blade is still free of stall. Because, in reality, cl

decreases in the poststall region, a higher maximum thrust could be
achievedwith the swept propellerby operating it just below stalling
everywhere on the blade. Figure 17 shows the induced velocity dis-
tribution for an advance ratio of 0.7. For the swept propeller, the
magnitude of wr at the blade tip is comparable to w’ . Thus, ne-
glecting wake contraction might lead to inaccuracies in the swept
case. Finally, Figs. 18 and 19 show the converged wake shapes for
the straightand swept propeller(with only one blade shown for clar-
ity at J D 0:7). The swept propeller exhibits a less distorted wake
shape, which is consistentwith the more even distributionof the lift
coef� cient.

Asymmetrically Spaced Blades

To explore the effect of asymmetricalblade spacing, two straight
constant pitch propellers (p D 1:5 m) with rhub D 0:05 m and rtip D
0:6 m have been considered, each having four blades. For the sym-
metrical case, the blades were put at 90-deg angles, whereas for
the asymmetrical case, the angles between the blades were 30 and
180 deg, respectively. The geometry is shown in Figs. 20 and 21,
where the blades are numbered from 1 to 4. The airfoil was a NACA
4415with a constantchordof c D 0:12 m. The same cl and cd data as
in the earlier cases were used.The performancecoef� cients for both
propellersare shown in Figs. 22and23.Asymmetryhad theeffectof
reducing both CT and CP , the decrease of the former offsetting the
latter, such that ´ decreased as well. The spanwise distributionsof
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Fig. 19 Converged wake for swept propeller at J = 0:7.

Fig. 20 Geometry of propeller with symmetrically spaced blades.

Fig. 21 Geometry of propeller with asymmetrically spaced blades.

Fig. 22 Thrust and power coef� cients for symmetric and asymmetric
propeller.

Fig. 23 Propeller ef� ciency for symmetric and asymmetric propeller.

Fig. 24 Circulation distribution for symmetric and asymmetric pro-
peller, J = 0:9.

Fig. 25 Distribution of inducedtrailingangle for symmetric and asym-
metric propeller, J = 0:9.

0 and ®i for J D 0:9 are shown in Figs. 24 and 25. The dependence
of spanwise quantities on blade number for the asymmetric case is
clearly demonstrated. Values for the symmetric case lie in between
values for the asymmetric case. Note that the trailing blades in the
asymmetric case have higher values of ®i than the leading blades.
The reason is the relative closeness of the wake being shed from
the leading blades, resulting in larger inducedeffects on the trailing
blades. A consequence of the higher values of ®i on the trailing
blades is a smaller ®ef and, therefore, smaller values of 0 and cl .

Conclusions
In the present work, a research tool has been developed to inves-

tigate the performance and the spanwise distributions of engineer-
ing quantities for straight or swept propellers having symmetrically
or asymmetrically spaced blades. For the case of the Purdue pro-
peller, excellent agreement has been achieved with experimental
data. Furthermore, it was shown that blade sweeping results in a



1092 TREMMEL, TAULBEE, AND SONNENMEIER

slightly increased maximum ef� ciency and a more even spanwise
distribution of the lift coef� cient, preventing partial stalling even
at high blade loadings. It also was demonstrated that asymmetric
spacing of the blades reduces the propelleref� ciency and leads to a
dependenceof spanwise quantitieson the blade number, the trailing
blades experiencinggreater induced effects than the leading blades,
which results in smaller values of the circulationand the lift coef� -
cient.
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